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SMOOTHLY BOUNDED DOMAINS COVERING FINITE
VOLUME MANIFOLDS
ANDREW ZIMMER
Abstract. In this paper we prove: if a bounded domain with C2 boundary
covers a manifold which has finite volume with respect to either the Bergman
volume, the Ka¨hler-Einstein volume, or the Kobayashi-Eisenman volume, then
the domain is biholomorphic to the unit ball. This answers an old question of
Yau. Further, when the domain is convex we can assume that the boundary
only has C1,ǫ regularity.
1. Introduction
Given a domain Ω ⊂ Cd let Aut(Ω) denote the biholomorphism group of Ω.
When Ω is bounded, H. Cartan proved that Aut(Ω) is a Lie group (with possibly
infinitely many connected components) and acts properly on Ω.
An old theorem of Wong-Rosay [Won77, Ros79] states that if Ω ⊂ Cd is a
bounded domain with C2 boundary and Aut(Ω) acts co-compactly on Ω, then Ω is
biholomorphic to the unit ball. According to Wong [Won77, p. 257], Yau suggested
that the co-compactness condition could be replaced by the assumption that Ω
covers a finite volume manifold. More precisely:
Conjecture 1.1 (Yau). Let Ω ⊂ Cd (d ≥ 2) be a bounded pseudoconvex domain
whose boundary is C2. Assume that Ω has a (open) quotient of finite-volume (in
the sense of Ka¨hler-Einstein volume). Then Ω is biholomorphic to the unit ball in
C
d.
Considering bounded domains that cover finite volume open manifolds seems
more natural than studying those that cover compact manifolds. For instance, it
is well known that T g, the Teichmu¨ller space of hyperbolic surfaces with genus g,
is biholomorphic to a bounded domain and has a finite volume quotient. Further,
Griffiths constructed the following examples.
Theorem 1.2. [Gri71, Theorem I, Proposition 8.12] Suppose V is an irreducible,
smooth, quasi-projective algebraic variety over the complex numbers. For any x ∈ V
there exists a Zariski neighborhood U of x such that U˜ , the universal cover of U , is
biholomorphic to a bounded pseudoconvex domain in Cd. Moreover, the Kobayashi-
Eisenman volume of U is finite.
In this paper we answer Yau’s question:
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Theorem 1.3. Suppose Ω ⊂ Cd is a bounded pseudoconvex domain with C2 bound-
ary and Γ ≤ Aut(Ω) is a discrete group acting freely on Ω. If Γ\Ω has finite vol-
ume with respect to either the Bergman volume, the Ka¨hler-Einstein volume, or the
Kobayashi-Eisenman volume, then Ω is biholomorphic to the unit ball.
Remark 1.4. Recently, Liu and Wu [LW18], see Theorem 1.12 below, established
the above theorem with the additional assumptions that
(1) d = 2 and Ω is convex, or
(2) d > 2, Ω is convex, and Γ is irreducible.
It is well known that Teichmu¨ller spaces admit a finite volume quotient and so
Theorem 1.3 provides a new proof of the following result.
Corollary 1.5 (Yau [Yau11, p. 328]). Let T g denote the Teichmu¨ller space of
hyperbolic surfaces with genus g. If g ≥ 2, then T g is not biholomorphic to a
bounded domain with C2 boundary.
Remark 1.6.
(1) A theorem of Bers [Ber60] says that T g is biholomorphic to a bounded
domain.
(2) Recently, Gupta and Seshadri [GS17, Theorem 1.2] provided a proof of
Corollary 1.5 which relies on the ergodicity of the Teichmu¨ller geodesic
flow.
If Ω ⊂ Cd is a bounded domain, Γ ≤ Aut(Ω) is a discrete group acting freely on
Ω, and Γ\Ω is a quasi-projective variety, then a result of Griffiths implies that Γ\Ω
has finite volume with respect to the Kobayashi-Eisenman volume (see Proposition
8.12 and the discussion following Question 8.13 in [Gri71]). So we have the following
corollary of Theorem 1.3.
Corollary 1.7. Suppose Ω ⊂ Cd is a bounded pseudoconvex domain with C2 bound-
ary and Γ ≤ Aut(Ω) is a discrete group acting freely on Ω. If Γ\Ω is a quasi-
projective variety, then Ω is biholomorphic to the unit ball.
The proof of Theorem 1.3 uses the Levi form of the boundary and hence does
not easily generalize to domains whose boundaries have less than C2 regularity.
However, by assuming our domain is convex we can lower the required regularity
to C1,ǫ for any ǫ > 0.
Theorem 1.8. Suppose Ω ⊂ Cd is a bounded convex domain with C1,ǫ boundary
and Γ ≤ Aut(Ω) is a discrete group acting freely on Ω. If Γ\Ω has finite volume
with respect to either the Bergman volume, the Ka¨hler-Einstein volume, or the
Kobayashi-Eisenman volume, then Ω is biholomorphic to the unit ball.
Remark 1.9.
(1) The proof will use a recent result of Liu and Wu [LW18], see Theorem 1.12
below, and a recent result in [Zim17a], see Theorem 1.14 below.
(2) It is conjectured that a bounded convex domain with a finite volume quo-
tient (with no assumptions on the regularity of ∂Ω) must be a bounded
symmetric domain, see for instance [LW18, Conjecture 1.12].
(3) Using Theorem 1.8, the hypothesis of Corollary 1.7 can be modified to as-
sume that Ω is a bounded convex domain with C1,ǫ boundary. Theorem 1.8
also can be used to show that T g (g ≥ 2) is not biholomorphic to a convex
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domain with C1,ǫ boundary, however a recent result of Markovic [Mar17]
implies that T g is not biholomorphic any convex domain when g ≥ 2 (with
no regularity assumptions on the boundary of the convex domain).
1.1. Outline of the proofs. We will use a theorem of Wong and Rosay to prove
Theorem 1.3.
Theorem 1.10 (Wong-Rosay Ball Theorem [Won77, Ros79]). Suppose Ω ⊂ Cd is
a bounded domain. Assume that ∂Ω is C2 and strongly pseudoconvex in a neigh-
borhood of ξ ∈ ∂Ω. If there exists some z0 ∈ Ω and a sequence ϕn ∈ Aut(Ω) such
that ϕn(z0)→ ξ, then Ω is biholomorphic to the unit ball.
When Ω is a bounded domain with C2 boundary, then there exists some ξ ∈ ∂Ω
which is strongly pseudoconvex (see Observation 4.1 below). If Aut(Ω) acts co-
compactly on Ω then it is easy to show that there exists some z0 ∈ Ω and a
sequence ϕn ∈ Aut(Ω) such that ϕn(z0) → ξ. So one has the following Corollary
to Theorem 1.10:
Corollary 1.11. Suppose Ω ⊂ Cd is a bounded domain with C2 boundary. If
Aut(Ω) acts co-compactly on Ω, then Ω is biholomorphic to the unit ball.
In the case when Ω only admits a finite volume quotient, finding z0 ∈ Ω and
a sequence ϕn ∈ Aut(Ω) such that ϕn(z0) converges to a certain boundary point
ξ ∈ ∂Ω is much harder. We accomplish this task by considering the behavior of
the Bergman distance and in particular the shape of horospheres near a strongly
pseudoconvex point. The squeezing function also plays an important role in under-
standing the complex geometry of Ω.
For convex domains, there are precise estimates for the Kobayashi distance and so
in the proof of Theorem 1.8 we consider horospheres with respect to the Kobayashi
distance (instead of the Bergman distance). Since the hypothesis of Theorem 1.8
only assumes ∂Ω has C1,ǫ boundary there is no hope of using the Wong-Rosay Ball
Theorem. Instead we reduce to two recent results about the automorphism group
of convex domains. Before stating these results we need a few definitions:
(1) Given a bounded domain Ω ⊂ Cd let Aut0(Ω) denote the connected com-
ponent of the identity in Aut(Ω).
(2) When Ω ⊂ Cd is a bounded domain, the limit set of Ω, denoted L(Ω) is
the set of points x ∈ ∂Ω where there exists some z ∈ Ω and a sequence
ϕn ∈ Aut(Ω) such that ϕn(z)→ x.
(3) Given a convex domain Ω ⊂ Cd with C1 boundary and x ∈ ∂Ω, let TCx ∂Ω ⊂
C
d be the complex affine hyperplane tangent to ∂Ω at x. Then the closed
complex face of x in ∂Ω is the set TCx ∂Ω ∩ ∂Ω.
Liu and Wu recently proved the following rigidity result.
Theorem 1.12 (Liu-Wu [LW18]). Suppose Ω ⊂ Cd is a bounded convex domain,
Γ ≤ Aut(Ω) is a discrete group acting freely on Ω, and Γ\Ω has finite volume
with respect to either the Bergman volume, the Ka¨hler-Einstein volume, or the
Kobayashi-Eisenman volume. If either:
(1) Γ ≤ Aut0(Ω),
(2) Aut0(Ω) 6= 1 and Γ is irreducible,
(3) Ω has C1 boundary and Γ is irreducible,
(4) d = 2 and Aut0(Ω) 6= 1, or
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(5) d = 2 and Ω has C1 boundary,
then Ω is biholomorphic to a bounded symmetric domain.
Remark 1.13. By the so-called rescaling method, part (3) (respectively part (5))
is a consequence of part (2) (respectively part (4)). Also, by a result of Mok and
Tsai [MT92]: if Ω is a bounded symmetric domain which is convex and has C1
boundary, then Ω is biholomorphic to the unit ball.
We recently proved the following result.
Theorem 1.14. [Zim17a] Suppose Ω ⊂ Cd is a bounded convex domain with C1,ǫ
boundary. If L(Ω) intersects at least two different closed complex faces of ∂Ω, then
(1) Aut(Ω) has finitely many components,
(2) there exists a compact normal subgroup N ≤ Aut0(Ω) such that Aut0(Ω)/N
is a non-compact simple Lie group with real rank one.
Hence to prove Theorem 1.8 it is enough to show that L(Ω) intersects at least
two different closed complex faces of ∂Ω.
Acknowledgements. This material is based upon work supported by the National
Science Foundation under grant DMS-1760233.
2. Preliminaries
2.1. Notations: Suppose Ω ⊂ Cd is a bounded pseudoconvex domain, then
(1) Let kΩ : Ω × Cd → R≥0 denote the infinitesimal Kobayashi metric, KΩ :
Ω × Ω → R≥0 denote the Kobayashi distance on Ω, and VolK denote the
Kobayashi-Eisenman volume form,
(2) Let gB denote the Bergman metric on Ω, BΩ denote the Bergman distance
on Ω, and VolB denote the Riemannian volume form associated to gB. We
will also let bΩ : Ω× Cd → R denote the norm associated to gB, that is
bΩ(x; v) =
√
gB(v, v)
when v ∈ TxΩ.
(3) Let gKE denote the Ka¨hler-Einstein metric on Ω with Ricci curvature −1
constructed by Cheng-Yau [CY80] when Ω has C2 boundary and Mok-
Yau [MY83] in general. And let VolKE denote the Riemannian volume
form associated to gKE .
Throughout the paper ‖·‖ will denote the standard Euclidean norm on Cd. Given
z0 ∈ Cd and r > 0 define
Bd(z0; r) = {z ∈ Cd : ‖z − z0‖ < r}.
Finally, given a domain Ω ⊂ Cd and z ∈ Ω define
δΩ(z) = inf{‖w − z‖ : w ∈ ∂Ω}.
2.2. The squeezing function. Given a domain Ω ⊂ Cd let sΩ : Ω→ (0, 1] be the
squeezing function on Ω, that is
sΩ(z) = sup{r : there exists an one-to-one holomorphic map
f : Ω→ Bd(0; 1) with f(z) = 0 and Bd(0; r) ⊂ f(Ω)}.
In this section we recall a result of Sai-Kee Yeung.
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Theorem 2.1. [Yeu09, Theorem 2] Suppose s > 0 and d > 0. Then there exists
C, δ, ǫ, κ > 0 such that: if Ω ⊂ Cd, z0 ∈ Ω, sΩ(z0) > s, and
Bǫ = {z ∈ Ω : BΩ(z0, z) ≤ ǫ},
then
(1) Bǫ ⋐ Ω,
(2) gB, gKE, and kΩ are all C-bi-Lipschitz on Bǫ,
(3) the sectional curvature of gB is bounded in absolute value by κ on Bǫ,
(4) the injectivity radius of gB is bounded below by δ on Bǫ, and
(5) if Vol denotes either the Bergman volume, the Ka¨hler-Einstein volume, or
the Kobayashi-Eisenman volume, then
Vol
(
{z ∈ Ω : BΩ(z, z0) ≤ r}
)
≥ r2d/C
for all r ∈ [0, ǫ].
Parts (1)-(4) follow from [Yeu09, Theorem 2]. In [Yeu09, Theorem 2] it is as-
sumed that sΩ(z) > s for all z ∈ Ω, however all the arguments are local in nature
and can be easily modified to prove parts (1)-(4) in the above Theorem. Part (2)
also follows from the proof of [LSY04, Theorem 7.2].
Part (5) is a consequence of the definition and part (2): since sΩ(z0) > s we can
assume that z0 = 0 and
Bd(0; s) ⊂ Ω ⊂ Bd(0; 1).
Then
kBd(0;1) ≤ kΩ ≤ kBd(0;s)
on Bd(0; s). Then, from the well known explicit description of the Kobayashi metric
on the ball and part (2), we see that there exists C1 > 0 such that gB, gKE, and
kΩ are all C1-bi-Lipschitz to the Euclidean metric on Bd(0; s/2). So we can find
C, ǫ > 0 such that: if Vol denotes either the Bergman volume or the Ka¨hler-Einstein
volume, then
Vol
(
{z ∈ Ω : BΩ(z, z0) ≤ r}
)
≥ r2d/C
for all r ∈ [0, ǫ]. Next let VolK denote the Kobayashi-Eisenman volume on Ω and
VolBd(0;1) denote the Kobayashi-Eisenman volume on Bd(0; 1). Then by definition
VolK(A) ≥ VolBd(0;1)(A)
for all subsets A ⊂ Ω. So from the well known explicit description of the Kobayashi-
Eisenman volume for the ball, part (2), and by possibly modifying C, ǫ we can also
assume that
VolK
(
{z ∈ Ω : BΩ(z, z0) ≤ r}
)
≥ r2d/C
for all r ∈ [0, ǫ].
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2.3. Invariant metrics near a strongly pseudoconvex point. We will use the
following well known facts about invariant metrics near a strongly pseudoconvex
point.
Theorem 2.2. Suppose Ω ⊂ Cd is a bounded domain. Assume that ∂Ω is C2
and strongly pseudoconvex in a neighborhood of ξ ∈ ∂Ω. Then there exists an
neighborhood U of ξ in Ω and C > 0 such that:
(1) kΩ and gB are C-bi-Lipshitz to each other on U ∩ Ω,
(2) kΩ(x; v) ≥ C−1 ‖v‖ δΩ(x)−1/2 for all x ∈ U ∩ Ω and v ∈ Cd, and
(3) gB has negative sectional curvature on U ∩ Ω.
Proof. Fix open neighborhoods V2 ⋐ V1 of ξ such that there exist a holomorphic
embedding ϕ : V1 → Cd with ϕ(V2 ∩ Ω) a convex domain which is strongly convex
near ϕ(ξ).
By [FR87, Theorem 2.1] there exists a neighborhood V3 of ξ such that V3 ⋐ V2
and
kΩ(x; v) ≤ kV2∩Ω(x; v) ≤ 2kΩ(x; v)
for all x ∈ V3 and v ∈ Cd (notice that the first inequality is by definition). Further,
by [DFsH84, Theorem 1] there exists C0 > 1 such that
1
C0
bΩ∩V2(x; v) ≤ bΩ(x; v) ≤ C0bΩ∩V2(x; v)
for all x ∈ V3 and v ∈ Cd.
Now since V2∩Ω is biholomorphic to a convex domain, a result of Frankel [Fra91]
implies that bΩ∩V2 and kΩ∩V2 are C1-bi-Lipschitz to each other for some C1 > 1.
So we see that kΩ and gB are C-bi-Lipshitz to each other on V3∩Ω for some C > 1.
Given a domain O ⊂ Cd, x ∈ O, and nonzero v ∈ Cd define
δO(x; v) = inf{‖y − x‖ : y ∈ ∂Ω ∩ (x+ C v)}.
Since C = ϕ(V2 ∩ Ω) is convex, a result of Graham [Gra90, Gra91] says that
‖v‖
2δC(x; v)
≤ kC(x; v) ≤ ‖v‖
δC(x; v)
for all x ∈ C and v ∈ Cd. Then, since C is strongly convex at ϕ(ξ), there exists a
neighborhood W of ϕ(ξ) and some C2 > 0 such that
C2
‖v‖
δC(x)1/2
≤ kC(x; v)
for all x ∈ W and v ∈ Cd. Since V2 ⋐ V1, the map ϕ : V1 → Cd is bi-Lipschitz on
V2, so by possibly shrinking V3 and increasing C we can assume that
1
C
‖v‖
δΩ(x)1/2
≤ kΩ(x; v)
for all x ∈ V3 and v ∈ Cd.
Finally, part (3) follows from [KY96, Theorem 1].

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2.4. Completeness of the Bergman metric. We will use the following fact
about the Bergman metric:
Theorem 2.3 (Ohsawa [Ohs81]). If Ω ⊂ Cd is a bounded pseudoconvex domain
with C1 boundary, then the Bergman metric is a complete Riemannian metric on
Ω.
Remark 2.4. It is also known that the Bergman metric is complete on the more
general class of hyperconvex domains, see [Her99] and [BoP98].
2.5. A local version of E. Cartan’s fixed point theorem. E. Cartan showed
that a compact group G acting by isometries on (X, g) a complete simply connected
Riemannian manifold with non-positive sectional curvature always has a fixed point.
One proof, see for instance [Ebe96, p. 21], uses the following lemma: if K ⊂ X is
compact, then the function
f(x) = sup{d(x, k) : k ∈ K}
has a unique minimum in X . In this section we observe a local version of this
lemma which will allow us to show that a certain compact subgroup has a fixed
point in the proof of Theorem 1.3.
Given a complete Riemannian manifold (X, g), x0 ∈ X , andR > 0 letB(X,g)(x0, R)
denote the open metric ball of radius R centered at x0.
Proposition 2.5. Suppose (X, g) is a complete Riemannian manifold, x0 ∈ X,
R > 0, the metric g has non-positive sectional curvature on B(X,g)(x0, 8R), and
g has injectivity radius at least 16R at each point in B(X,g)(x0, 8R). If K ⊂
B(X,g)(x0, R) is compact, then the function
f(x) = sup{d(x, k) : k ∈ K}
has a unique minimum in X.
The following proof is nearly identical to the proof of the Lemma on p. 21
in [Ebe96], but we provide the details for the reader’s convenience.
Proof. When α ∈ [0, 4], every two points in B(X,g)(x0, αR) are joined by a unique
geodesic and this geodesic is contained in B(X,g)(x0, 2αR).
Since g is non-positively curved on B(X,g)(x0, 8R) and has injectivity radius at
least 16R at each point in B(X,g)(x0, 8R) the Rauch comparison theorem implies
(see [Hel01, p. 73]): if T is a geodesic triangle contained in B(X,g)(x0, 4R) with
side lengths a, b, c then
a2 + b2 − 2ab cos θ ≤ c2(1)
where θ is the angle at the vertex opposite to the side of length c.
Since f is a proper continuous function there exists at least one minimum. Since
f(x) > R when x ∈ X \ B(X,g)(x0, 2R) and f(x0) ≤ R any minimum of f is in
B(X,g)(x0, 2R).
Suppose for a contradiction that there exists two distinct minimum points x, y
of f . Let σ : [0, T ] → X denote the unique geodesic with σ(0) = x and σ(T ) = y.
Let m = σ(T/2). Then consider some k ∈ K and let γ : [0, S] → X denote the
unique geodesic in X with γ(0) = m and γ(S) = k. Since
∠m(−σ′(T/2), γ′(0)) + ∠m(σ′(T/2), γ′(0)) = π,
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by relabelling x, y we can assume that θ := ∠m(σ
′(T/2), γ′(0)) ≥ π/2. Then
Equation (1) implies that
d(y, k)2 ≥ d(y,m)2 + d(m, k)2 − 2d(y,m)d(m, k) cos θ > d(m, k)2.
So d(m, k) < d(y, k) ≤ f(y). Since k ∈ K was arbitrary and K is compact, we then
have f(m) < f(y) which is a contradiction. 
3. An estimate for the Bergman distance
Theorem 3.1. Suppose Ω ⊂ Cd is a bounded pseudoconvex domain. Assume that
∂Ω is C2 and strongly pseudoconvex in a neighborhood of ξ ∈ ∂Ω. If z0 ∈ Ω and
ǫ0 > 0, then there exists ǫ ∈ (0, ǫ0) and R > 0 such that
BΩ(z, w) ≥ BΩ(z, z0) +BΩ(z0, w) −R
for all z, w ∈ Ω with ‖z − ξ‖ < ǫ and ‖w − ξ‖ > ǫ.
Remark 3.2. This says that a point z near ξ and point w far away from ξ can be
joined by a path that passes through z0 and is length minimizing up to an error of
R.
The following argument is based on the proof of [Kar05, Lemma 36] which es-
tablishes a similar estimate for the Kobayashi distance.
Proof. By Theorem 2.2 there exists an neighborhood U of ξ and some C > 1 such
that
1
C
kΩ(x; v) ≤ bΩ(x; v) ≤ CkΩ(x; v)
and
1
C
‖v‖
δΩ(x)1/2
≤ bΩ(x; v)
for all x ∈ Ω ∩ U and v ∈ Cd.
By definition
kΩ(x; v) ≤ ‖v‖
δΩ(x)
and so
bΩ(x; v) ≤ C ‖v‖
δΩ(x)
for x ∈ U∩Ω and v ∈ Cd. Then since ∂Ω is C2 near ξ one can consider parametriza-
tions of inward pointing normal lines to show that there exists α, β > 0 and a
neighborhood V ⊂ U of ξ such that
BΩ(z0, z) ≤ α+ β log 1
δΩ(z)
for all z ∈ V ∩ Ω.
Now fix ǫ ∈ (0, ǫ0) such that
{z ∈ Cd : ‖z − ξ‖ < 2ǫ} ⊂ V.
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Consider points z, w ∈ Ω with ‖z − ξ‖ < ǫ and ‖w − ξ‖ > ǫ. Let σ : [0, T ]→ Ω be
a geodesic (with respect to the Bergman distance) joining z and w. Define
T0 = max
{
t ∈ [0, T ] : σ([0, t]) ⊂ Bd(z; ǫ)
}
.
Then let τ ∈ [0, T0] be such that
δΩ(σ(τ)) = max{δΩ(σ(t)) : t ∈ [0, T0]}.
Now for t ∈ [0, T0] we have
|t− τ | = BΩ(σ(t), σ(τ)) ≤ BΩ(σ(t), z0) +BΩ(z0, σ(τ))
≤ 2α+ β log 1
δΩ(σ(t))δΩ(σ(τ))
So
δΩ(σ(t)) ≤
√
δΩ(σ(t))δΩ(σ(τ)) ≤ exp
(− |t− τ |+ 2α
2β
)
.
Now fix M > 0 such that∫ ∞
M
exp
(−r + 2α
4β
)
dr < ǫ/(4C).
Then
ǫ = ‖σ(0)− σ(T0)‖ ≤
∫ T0
0
‖σ′(t)‖ dt ≤ C
∫ T0
0
δΩ(σ(t))
1/2dt
since bΩ(σ(t);σ
′(t)) = 1. Then
ǫ ≤ C
∫
[0,T0]∩(τ−M,τ+M)
δΩ(σ(t))
1/2dt+ C
∫
[0,T0]∩(τ−M,τ+M)c
δΩ(σ(t))
1/2dt
≤ 2CMδΩ(σ(τ))1/2 + 2C
∫ ∞
M
exp
(−r + 2α
4β
)
dr
≤ 2CMδΩ(σ(τ))1/2 + ǫ/2.
So
δΩ(σ(τ))
1/2 ≥ ǫ/(4CM).
Then
BΩ(z, w) = BΩ(z, σ(τ)) +BΩ(σ(τ), w) ≥ BΩ(z, z0) +BΩ(z0, w)− 2BΩ(z0, σ(τ))
≥ BΩ(z, z0) +BΩ(z0, w)−R
where
R = 2α+ 4β log
4CM
ǫ
.
Notice that R does not depend on z or w, so the proof is complete. 
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4. Proof of Theorem 1.3
For the rest of the section suppose that Ω ⊂ Cd is a bounded pseudoconvex
domain with C2 boundary and Γ ≤ Aut(Ω) is a discrete group acting freely on Ω.
Further assume that Vol(Γ\Ω) < +∞ where Vol is either the Bergman volume, the
Ka¨hler-Einstein volume, or the Kobayashi-Eisenman volume.
By replacing Ω with an affine translate we can assume that 0 ∈ Ω, Ω ⊂ Bd(0; 1),
and (1, 0, . . . , 0) ∈ ∂Ω. Then, since ∂Ω is C2, there exists some r ∈ (0, 1) such that
Bd((r, 0, . . . , 0); 1− r) ⊂ Ω ⊂ Bd(0; 1).
Observation 4.1. ξ = (1, 0, . . . , 0) is a strongly pseudoconvex point of ∂Ω.
Proof. This is a simple consequence of the fact that (1, 0, . . . , 0) ∈ ∂Ω and Ω ⊂
Bd(0; 1), see for instance [GS17, Lemma 4.1]. 
Observation 4.2. Let wt = (t, 0, . . . , 0) ∈ Cd. Then there exists some s0 > 0 such
that sΩ(wt) ≥ s0 for t ∈ [r, 1).
Proof. For t ∈ [r, 1) consider the transformation
ϕ(z1, . . . , zd) =
(
z1 − t
tz1 − 1 ,
(1− t2)1/2
tz1 − 1 z2, . . . ,
(1 − t2)1/2
tz1 − 1 zd
)
.
Then ϕ ∈ Aut(Bd(0; 1)) and ϕ(0) = wt. We claim that
ϕ(Bd(0; s0)) ⊂ Ω
where
s0 =
1− r
12
√
d
.
Suppose z ∈ Bd(0; s0). Then ‖z‖ ≤ 1/2 and so
|tz1 − 1| ≥ 1/2.
Then∣∣∣∣ z1 − ttz1 − 1 − r
∣∣∣∣
2
=
∣∣∣∣(t− r) + (1− t2)z1tz1 − 1
∣∣∣∣
2
≤ (t− r)2 + 2(t− r)(1 − t
2)
|tz1 − 1| |z1|+
(1− t2)2
|tz1 − 1|2
|z1|2
≤ (t− r)2 + 4(1− t) |z1|+ 16(1− t) |z1|2
≤ (t− r)2 + 4(1− t) |z1|+ 8(1− t) |z1|
≤ (t− r)2 + 12(1− t) |z1| .
We also have
(t− r)2 − (1− r)2 = (2r − 1− t)(1 − t) ≤ (r − 1)(1− t)
and ∣∣∣∣ (1− t2)1/2tz1 − 1 zi
∣∣∣∣
2
≤ 8(1− t) |zi|2 ≤ 4(1− t) |zi| .
So
‖ϕ(z)− wr‖2 ≤ (1− r)2 + (r − 1)(1− t) + 12(1− t)(|z1|+ · · ·+ |zd|)
≤ (1− r)2 + (r − 1)(1− t) + 12
√
d(1 − t) ‖z‖
< (1− r)2.
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So ϕ(z) ∈ Bd(wr; 1− r) ⊂ Ω. Since z ∈ Bd(0; s0) was arbitrary, we then have
ϕ(Bd(0; s0)) ⊂ Ω.
Then ϕ−1(wt) = 0 and
Bd(0; s0) ⊂ ϕ−1(Ω) ⊂ Bd(0; 1),
so sΩ(wt) ≥ s0. 
Then fix a sequence rn ր 1 and consider the points yn = (rn, 0, . . . , 0) ∈ Ω. For
each n ∈ N define
δn = min
γ∈Γ\{1}
BΩ(yn, γyn).
Then the quotient map π : Ω→ Γ\Ω restricts to an embedding on
Bn = {z ∈ Ω : BΩ(z, yn) < δn/2}.
Further, by Theorem 2.1 there exists some C, ǫ0 > 0 such that
Vol(π(Bn)) ≥ Cmin{ǫ2d0 , δ2dn }.
After passing to a subsequence we can assume that
lim
n→∞
δn = δ ∈ R≥0 ∪{∞}.
Case 1: δ 6= 0. Since Vol(Γ\Ω) < ∞, the set {π(yn) : n ∈ N} must be rela-
tively compact in Γ\Ω. So for each n, there exist some γn ∈ Γ such that the set
{γnyn : n ∈ N} is relatively compact in Ω. Then we can pass to a subsequence
such that γnyn → y ∈ Ω. Then γ−1n y → ξ. So Ω is biholomorphic to the ball by
Theorem 1.10.
Case 2: δ = 0. Pick γn ∈ Γ such that
BΩ(γnyn, yn) = δn.
Case 2(a): The set {γ1, γ2, . . . } is infinite. Since Γ is discrete, by passing to a
subsequence we can suppose that γn →∞ in Aut(Ω). Fix some z0 ∈ Ω. By passing
to another subsequence we can assume that γ−1n z0 → η ∈ ∂Ω. Since (Ω, BΩ) is a
complete proper metric space we must have
BΩ(z0, γ
−1
n z0)→∞.
We claim that η = ξ. Suppose not, then by Theorem 3.1 there exists R > 0 such
that
BΩ(γ
−1
n z0, z0) +BΩ(z0, yn)−BΩ(γ−1n z0, yn) ≤ R.
However
BΩ(γ
−1
n z0, z0) +BΩ(z0, yn)−BΩ(γ−1n z0, yn)
= BΩ(γ
−1
n z0, z0) +BΩ(z0, yn)−BΩ(z0, γnyn)
≥ BΩ(γ−1n z0, z0)−BΩ(γnyn, yn)→∞.
So we have a contradiction and hence ξ = η. So Ω is biholomorphic to the unit ball
by Theorem 1.10.
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Case 2(b): The set {γ1, γ2, . . . } is finite. By passing to a subsequence we can
suppose that γn = γ in for all n ∈ N. Fix some z0 ∈ Ω and consider the functions
bn(z) = BΩ(z, yn)−BΩ(yn, z0).
Since bn(z0) = 0 and each bn is 1-Lipschitz (with respect to the Bergman distance)
we can pass to a subsequence such that bn → b locally uniformly. Then
b(γ−1z) = lim
n→∞
BΩ(γ
−1z, yn)−BΩ(yn, z0) = lim
n→∞
BΩ(z, γyn)−BΩ(yn, z0) = b(z)
since
|BΩ(z, γyn)−BΩ(z, yn)| ≤ BΩ(yn, γyn)→ 0.
So
b(γ−nz0) = b(z0) = 0
for all n ∈ N.
Observation 4.3. For any t ∈ R
b−1
(
(−∞, t]
)Euc
∩ ∂Ω = {ξ}.
Proof. Suppose wm ∈ b−1
(
(−∞, t]
)
and wm → η ∈ ∂Ω. If η 6= ξ, then Theorem 3.1
implies that there exists R > 0 such that
BΩ(wm, z0) +BΩ(z0, yn)−BΩ(wm, yn) ≤ R.
Then
b(wm) = lim
n→∞
BΩ(wm, yn)−BΩ(z0, yn) ≥ BΩ(wm, z0)−R.
However BΩ(wm, z0)→∞ since BΩ is a proper metric on Ω. So we have a contra-
diction. 
Using the previous observation, if γ−nz0 is unbounded in Ω, then there exists
nk →∞ such that γ−nkz0 → ξ. Hence, in this case, Ω is biholomorphic to the unit
ball by Theorem 1.10.
It remains to consider the case where the sequence γ−nz0 is bounded in Ω. Since
Γ is discrete and acts properly on Ω, in this case
M := order(γ) <∞.
We claim that γ has a fixed point in Ω. First, notice that
KΩ(γ
myn, yn) ≤ (M − 1)δn
for all m ∈ Z. By Theorem 2.1 there exists some τ > 0 such that the injectivity
radius of gΩ is bounded below by τ on each Un = {z ∈ Ω : BΩ(z0, yn) ≤ τ}. By
Theorem 2.2, gB is negatively curved on Un when n is large. Then since δn → 0,
Proposition 2.5 implies that when n is large the function
fn(x) = sup{BΩ(γmyn, x) : m = 0, 1, . . . ,M − 1}
has a unique minimum cn in Ω. Since
γ
{
yn, γyn, γ
2yn, . . . , γ
M−1yn
}
=
{
yn, γyn, γ
2yn, . . . , γ
M−1yn
}
,
we then have γcn = cn. So γ has a fixed point in Ω. Since Γ acts freely on Ω, we
have a contradiction.
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5. The convex case
Before starting the proof of Theorem 1.8 we will recall some results about convex
domains.
As in Section 2.2, let sΩ : Ω→ (0, 1] denote the squeezing function on a bounded
domain Ω ⊂ Cd.
Theorem 5.1. [Fra91, KZ16, NA17] For any d > 0 there exists some s = s(d) > 0
such that: if Ω ⊂ Cd is a bounded convex domain, then sΩ(z) ≥ s for all z ∈ Ω.
We will also need the following facts about the Kobayashi distance.
Proposition 5.2. Suppose Ω ⊂ Cd is a bounded convex domain. Then the metric
space (Ω,KΩ) is proper and Cauchy complete.
For a proof of Proposition 5.2 see for instance [Aba89, Proposition 2.3.45].
Theorem 5.3. [Zim17b, Theorem 4.1] Suppose Ω ⊂ Cd is a bounded convex domain
with C1,ǫ boundary. If ξ, η ∈ ∂Ω and TCξ ∂Ω 6= TCη ∂Ω, then
lim sup
x→ξ,y→η
KΩ(x, z0) +KΩ(z0, y)−KΩ(x, y) <∞
for some (hence any) z0 ∈ Ω.
Remark 5.4. This says that a point x near ξ and point y near η can be joined by
a path that passes through z0 and is length minimizing up to a bounded error.
5.1. Proof of Theorem 1.8. For the rest of the section suppose that Ω ⊂ Cd is
a bounded convex domain with C1,ǫ boundary and Γ ≤ Aut(Ω) is a discrete group
acting freely on Ω. Further assume that Vol(Γ\Ω) < +∞ where Vol is either the
Bergman volume, the Ka¨hler-Einstein volume, or the Kobayashi-Eisenman volume.
Using Theorem 1.12 and Theorem 1.14 it is enough to show that L(Ω) intersects
at least two different closed complex faces of ∂Ω.
Lemma 5.5. If ξ ∈ ∂Ω, then L(Ω) ∩ TCξ ∂Ω 6= ∅.
The proof of the Lemma is nearly identical to the proof of Theorem 1.3, but we
provide the complete argument for the reader’s convenience.
Proof. By replacing Ω with an affine translate, we may assume that ξ = (1, 0, . . . , 0)
and 0 ∈ Ω. Then fix a sequence rn ր 1 and consider the points yn = (rn, 0, . . . , 0) ∈
Ω. For each n ∈ N define
δn = min
γ∈Γ\{1}
KΩ(yn, γyn).
Now for each n ∈ N the quotient map π : Ω→ Γ\Ω restricts to an embedding on
Bn = {z ∈ Ω : KΩ(z, yn) < δn/2}.
Further, by Theorem 2.1 there exists some C, ǫ0 > 0 such that
Vol(π(Bn)) ≥ Cmin{ǫ2d0 , δ2dn }.
After passing to a subsequence we can assume that
lim
n→∞
δn = δ ∈ R≥0 ∪{∞}.
Case 1: δ 6= 0. Since Vol(Γ\Ω) < ∞, the set {π(yn) : n ∈ N} must be rela-
tively compact in Γ\Ω. So for each n, there exist some γn ∈ Γ such that the set
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{γnyn : n ∈ N} is relatively compact in Ω. Then we can pass to a subsequence such
that γnyn → y ∈ Ω. Then γ−1n y → ξ. So ξ ∈ L(Ω).
Case 2: δ = 0. Then pick γn ∈ Γ such that
KΩ(γnyn, yn) = δn.
Case 2(a): The set {γ1, γ2, . . . } is infinite. Since Γ is discrete, by passing to a
subsequence we can suppose that γn →∞ in Aut(Ω). Fix some z0 ∈ Ω. By passing
to another subsequence we can assume that γ−1n z0 → η ∈ ∂Ω. Since (Ω,KΩ) is a
complete proper metric space we must have
KΩ(z0, γ
−1
n z0)→∞.
We claim that η ∈ TCξ ∂Ω. Suppose not, then by Theorem 5.3 there exists R > 0
such that
KΩ(γ
−1
n z0, z0) +KΩ(z0, yn)−KΩ(γ−1n z0, yn) ≤ R.
However
KΩ(γ
−1
n z0, z0) +KΩ(z0, yn)−KΩ(γ−1n z0, yn)
= KΩ(γ
−1
n z0, z0) +KΩ(z0, yn)−KΩ(z0, γnyn)
≥ KΩ(γ−1n z0, z0)−KΩ(γnyn, yn)→∞.
So we have a contradiction and hence η ∈ TCξ ∂Ω.
Case 2(b): The set {γ1, γ2, . . . } is finite. By passing to a subsequence we can
suppose that γn = γ in for all n ∈ N.
Fix some z0 ∈ Ω. If the set {γn(z0) : n ∈ N} is relatively compact in Ω, then γ
has a fixed point in Ω (see for instance [Zim17b, Theorem 5.1]). So, since Γ acts
freely on Ω, the set {γn(z0) : n ∈ N} must be unbounded in Ω.
Next consider the functions
bn(z) = KΩ(z, yn)−KΩ(yn, z0).
Since bn(z0) = 0 and each bn is 1-Lipschitz (with respect to the Kobayashi distance)
we can pass to a subsequence such that bn → b locally uniformly. Then
b(γ−1z) = lim
n→∞
KΩ(γ
−1z, yn)−KΩ(yn, z0) = lim
n→∞
KΩ(z, γyn)−KΩ(yn, z0) = b(z)
since
|KΩ(z, γyn)−KΩ(z, yn)| ≤ KΩ(yn, γyn)→ 0.
So
b(γ−nz0) = b(z0) = 0
for all n ∈ N.
Observation 5.6. For any t ∈ R
b−1
(
(−∞, t]
)Euc
∩ ∂Ω ⊂ TCξ ∂Ω.
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Proof. Suppose wm ∈ b−1
(
(−∞, t]
)
and wm → η ∈ ∂Ω. If η /∈ TCξ ∂Ω, then
Theorem 5.3 implies that there exists R > 0 such that
KΩ(wm, z0) +KΩ(z0, yn)−KΩ(wm, yn) ≤ R.
Then
b(wm) = lim
n→∞
KΩ(wm, yn)−KΩ(z0, yn) ≥ KΩ(wm, z0)−R.
However KΩ(wm, z0)→∞ since KΩ is a proper metric on Ω. So we have a contra-
diction. 
Using the previous observation, there exists nk →∞ such that
lim
k→∞
dEuc
(
γ−nkz0, T
C
ξ ∂Ω
)
= 0.
So L(Ω) ∩ TCξ ∂Ω 6= ∅.

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